We present a relativistic calculation of two-photon decays for heavy and light mesons in the framework of the Salpeter equation for quarkantiquark states. The meson-photon-photon vertex is computed by reconstructing the Bethe-Salpeter vertex function and evaluating the four-dimensional Feynman diagram with off-shell quark amplitudes.
I. INTRODUCTION
The decay into two photons is considered as an interesting experimental playground in the mesonic physics of the near future. New data will become available not only from existing experiments at CLEO, LEP, TRISTAN and VEPP, see [1] for a recent review on present experimental data, but from upgrades such as LEP2000 and new facilities as DAΦNE or the Cornell, KEK and SLAC B-factories.
The two-photon decay of mesons can be used to identify the flavor of quark-antiquark states, but it may also discriminate between conventional mesons and glueballs or hybrids. Especially in the isoscalar spectrum of light scalar and tensor mesons a variety of resonances has been found which does not fit into the conventionalnonets. A quantitative theoretical and experimental understanding of the two-photon decays may help to interpret the meson spectrum.
Most of the few theoretical results, however, contain large uncertainties in the overall scale of two-photon widths, especially in the light quark sector. The reason is, that the corrections to nonrelativistic decay formulae are large even in case of heavy quarkonia [2, 3, 4] . The situation is most dramatic in the case of the pion, where a nonrelativistic ansatz fails by orders of magnitude. Relativistic corrections up to now are based on the Feynman diagram for a free quark-antiquark pair annihilating into two photons. Bergström et al. [3] keep only positive energy components of the intermediate quark propagator and use nonrelativistic wave functions. Their results especially in the light meson sector do not agree well with experimental data. Li et al. [4] use a field-theoretical approach from the decay of p-wave positronium. From simple harmonic oscillator wave functions they calculate relativistic corrections to the nonrelativistic ratio 15/4 between the scalar and tensor decay width. The authors stress the necessity for a complete study within quark models, which give a good description of meson spectroscopy.
The most complete references on the calculation of two-photon widths are those of Godfrey and Isgur [5] and of Ackleh and Barnes [6] . They use wave functions, which follow from a semi-or nonrelativistic calculation of the meson mass spectra, which again is multiplied with the Feynman transition amplitude for a free quark-antiquark pair annihilating into two photons. As it stands, this would, however, not at all give the correct dependence of the widths on the meson bound-state mass. Therefore for instance in the case of pseudoscalar mesons an additional phenomenological factor (M exp /M ref )
3 is introduced, where M exp is the experimental (or calculated) boundstate mass and M ref is a reference mass, which in [5, 6] is taken to be the rest plus kinetic energy of the quark-antiquark pair in the meson ("Mock-meson mass"). This phenomenological input is necessary, because the transition is calculated between free quarks, which especially in the case of a deeply bound such as the pion is a very crude approximation. However, it seems that such a mass dependence is a crucial input, as most of their results agree well with existing data. As pointed out by the authors, there is considerable arbitrariness and lack of a stringent derivation in the choice of the reference mass, and hence a corresponding uncertainty in the overall scale of the decay rates.
With this background we present a calculation of two-photon widths in the framework of the instantaneous Bethe-Salpeter equation, which has several improvements as compared to the existing theoretical estimates. On the one hand we use the Salpeter equation for the calculation of the meson mass spectrum, which includes the negative energy components of the wave function. This allows for a relativistic normalization of quark-antiquark amplitudes given by Salpeter [7] , which has a reasonable limit for deeply bound states. On the other hand we calculate the decay matrix element in the framework of the Mandelstam formalism, so that the dependence of the quark-antiquark relative four-momentum is accounted for. In that way the transition amplitude from the quark-antiquark state into two photons can be formulated for off-shell quarks. Taken together this leads to the correct mass dependence of the decay widths and thus eliminates additional phenomenological input of previous calculations.
The formalism is applied to a complete calculation of light and heavy mesons up to spin equal six, for both singlet and triplet states. The comparison of various model parameters given in the literature will lead to results, which are relatively model independent or at least give a theoretical error, and therefore may be used as a basis for experimental investigations and their interpretation.
II. RELATIVISTIC CALCULATION OF TWO-PHOTON WIDTH IN THE FRAMEWORK OF THE SALPETER EQUATION
A. Spectra and Two-photon Widths in the Salpeter Formalism
Starting point in our calculation of the two-photon decays is the Bethe-Salpeter equation in its instantaneous approximation (Salpeter equation) . Its advantage with respect to nonrelativistic models are the inclusion of the full Dirac-structure and negative energy components in the wave function, which should be important for light quarkonia. Moreover, the instantaneous interaction allows to incorporate a phenomenological confinement in the form of a linearly rising potential. The equation for the Bethe-Salpeter amplitude χ(p) in the rest frame of the meson reads
where we have used an instantaneous interaction V ( p, p ′ ) and the quark propagators S(p i ). Defining the equal time amplitude Φ( p ) := dp 0 /2π χ(p 0 , p ), we arrive at the well known Salpeter equation
with the projectors Λ ± = (ω ± H)/(2ω), the Dirac Hamiltonian H( p ) = γ 0 ( γ p + m) and ω = (m 2 + p 2 ) 1/2 with m the quark mass. The Salpeter equation is an eigenvalue equation for the bound-state mass M and can be solved numerically, see for instance [8, 9, 10] . It is important to note, that the normalization of the Salpeter amplitudes [7] 
is mandatory to obtain a reasonable dependence on the bound-state mass M. The Bethe-Salpeter amplitude χ(p) is needed to calculate current matrix elements of the corresponding bound-states in the Mandelstam formalism [11] . As has been pointed out in [8] , equation (1) allows for the reconstruction of the Bethe-Salpeter amplitude χ(p) in the rest frame from the equal time amplitude Φ( p ) as
The transition amplitude for a meson with mass M decaying into two photons with momenta k and k and polarization vectors ε 1 , ε 2 then follows from the Mandelstam formalism as
so that we find for the decay width
where λ 1 , λ 2 are the polarizations of the two photons, J and M J are the spin quantum numbers of the decaying meson and k is fixed for example to the positive z-direction. As for the numerical treatment, we have expanded the radial basis functions in a set of twenty Laguerre functions in momentum space. The results for both masses and two-photon widths are found to be stable with respect to a variation of the number of basis states and to the scale of the basis functions.
B. Quark-Antiquark Interaction
The most successful ansatz in parameterizing quark confinement in hadron spectroscopy has been a linear potential, see for instance Godfrey and Isgur [5] for a detailed study of mesons as quark-antiquark states. Motivated from lattice calculations for static quarks, its spin structure is usually taken to be scalar. This however, must not be true for light quarks. We therefore use a confinement spin structure
where x = 0 is the scalar confinement used in non-and semi-relativistic quark models and x = 1 is a timelike vector spin structure used in the Salpeter model V of Resag and Münz [10] for heavy quarkonia. The scalar function V C is given in coordinate space by the commonly used linearly rising potential V C (r) = a + br.
For heavy quarkonia one usually takes beside the linear confinement potential a residual interaction coming from the one-gluon-exchange (OGE). Its implementation with a running coupling constant in the Salpeter formalism has been discussed extensively in [10] . In order to obtain results which are as far as possible model independent, we compare in the following several parameter sets for heavy quarkonia found in the literature. We investigate the parameter set of a nonrelativistic calculation for both mesons and baryon of Bhadhuri et al. [12] with a fixed coupling constant and the semi-relativistic ansatz of Godfrey and Isgur for the meson spectrum and decays [5] with running coupling constant. A fixed coupling constant α s , however, leads in part to divergent Salpeter amplitudes for r → 0 [13] . For a running coupling constant this phenomenon is less pronounced, but still present. We therefore use a regularization procedure by cutting off the OGE potential smoothly for r < r 0 [10] . In the model of [12] we use r 0 = 0.1 fm, in [5] we use their parameter from the smearing function, which essentially is an equivalent regularization procedure. The meson masses calculated in the Salpeter model differ substantially only for the η c in [12] , which lies 100 MeV lower than in the nonrelativistic calculation. In addition to the parameters of this non-and semi-relativistic quark model we compare the Salpeter model [10] with timelike vector confinement structure for heavy quarkonia.
For light quarkonia with u, d and s quarks the situation is different with the following respects. We can no longer use parameter sets of non-or semi-relativistic quark models, as the dynamics including the negative energy components plays a quantitative effect. Moreover, the Salpeter equation with a purely scalar confinement leads to an instability [14, 15] , which becomes prominent in the case of light mesons. We therefore use a confinement structure with x = 0.5 to find reliable solutions for light quarkonia and to describe the spin-orbit splitting of the triplet p-wave mesons as good as possible.
In addition, the Salpeter equation does not allow to reproduce the masses of the light and heavy quarkonia with the same confinement strength, as can be done in a semi-relativistic ansatz [5] . The radial excitations of the Ψ and Υ states require a confinement strength of typically b c,b ≈ 1300 MeV/fm [10, 16] , whereas the description of the Regge trajectories for isovector and strange mesons requires b u,d,s ≈ 1900 MeV/fm [16, 17] . Unfortunately the Salpeter models for light mesons with OGE interaction that have been presented so far use a fixed coupling constant α s [16] with the above mentioned divergent Salpeter amplitudes for r → 0, which are not suitable for our purpose. We thus present two fits for light quarkonia, which both reproduce the experimental mass spectrum except for the η meson sector. We use a semi-relativistic value for the nonstrange quark mass of 220 MeV in the fit OGE-SRM (Semi-Relativistic quark Mass) and a nonstrange mass of 330 MeV common to nonrelativistic calculations in OGE-NRM (Non-Relativistic quark Mass). As shown in [6] , the quark mass dependence of the two-photon widths is the most prominent one, so that the two models will estimate the theoretical error. As it is not possible to formulate the one-gluon-exchange interaction gauge invariantly, we will use the Feynman gauge in the first and the Coulomb gauge in the latter parameter set. Again we use the regularization parameter of r 0 = 0.1 fm.
In the light quark sector, however, 't Hooft [18] has derived another QCD inspired residualinteraction coming from instanton effects. It has been proposed to solve the U A (1) problem and was successfully used in a nonrelativistic setup for the description of the π-η splitting and the η-η ′ mixing [19] . In the framework of the Salpeter equation it acts in addition on scalar mesons and gives an interesting interpretation of the scalar mixing and splitting [17] . We will therefore also present two-photon widths in this model for comparison. The parameter sets and interaction type of all the above mentioned models are given in Table I .
III. RESULTS AND DISCUSSION

A. Two-photon Decays of Heavy Quarkonia
In Tables II and III we present our numerical results for the two-photon widths of the charmonium and bottomonium singlet and triplet states up to spin equal four which are allowed by the Yang-theorem [20] . We used the three above mentioned parameter sets to extract a theoretical estimate including a "statistical" error, which of course includes only the parameter dependence. As the width is decreasing very rapidly with increasing total spin for these (almost) nonrelativistic systems , higher angular excitations are no more interesting. These calculations complete and improve results from other authors on spin singlet states [6] and on scalar and tensor mesons [3] . The conceptional improvement with respect to previous work comes from the use of relativistic amplitudes, from their Salpeter normalization and from the off-shell treatment of the quarks, which allows to renounce on phenomenological "Mock-meson" correction factors, being more and more uncertain for angular excited states. To estimate the effect of these improvements, we have compared in table IV our widths of the triplet charmonium and bottomonium states with those of the work of Bergström et al. [3] using the same parameter set of [12] . For the scalar mesons their full result, which is a factor of two smaller than the nonrelativistic ansatz, agrees with ours almost quantitatively. The tensor states, however, seem to be more sensitive to the above discussed relativistic effects, as our results differ from those of [3] by a factor of two.
Our calculation shows good agreement with available experimental data [21] on the η c , χ 0 and χ 2 , especially with a recent measurement from the CLEO collaboration [22] . The results agree well with those of the theoretical prediction of Ackleh and Barnes [6] for the singlet bottomonium states. Their widths of singlet charmonium, however, are somewhat larger.
As concerned to future investigations for instance in γγ collision experiments our calculations suggest a strong coupling of the ground state and radial excitations of the η c and χ 0 charmonium states. Especially the η ′ c (3590) with a predicted width of Γ(η ′ c → γγ) = 1400 ± 400 eV could probably be confirmed in a γγ experimental setup, as it lies below the DD threshold. In the bottomonium sector only the η b has an appreciable two-photon width of 200 eV beside its radial excitations lying below the BB threshold with a width of around 100 eV.
B. Two-photon Decays of Light Quarkonia
In the light quark sector a relativistic treatment of meson decay observables becomes mandatory, see for instance [23] for an almost quantitative description of the electromagnetic decays and form factors of the light ground state mesons.
One of the major conceptional improvements as compared to previous models is the dependence of the two-photon width on the bound-state mass M. If one uses the simplest possible Lagrangian for the coupling of a pseudoscalar field φ to two photons
one finds for the width [6] 
To check this behavior numerically, we varied the offset a of the confinement interaction, so that we can calculate the two-photon width of the pion as a function of the resulting bound-state mass. In the mass region between 70 MeV and 700 MeV the two-photon width can be reproduced almost quantitatively by the function
The M-dependence that is expected from a simple Lagrangian thus naturally emerges from the Salpeter formalism, in contrast to nonrelativistic calculations.
In Tables V and VI we compared our results for the fit with the instanton induced interaction by Klempt et al. [17] and the two fits with OGE interaction to the available experimental data. Flavor mixing is included only for the mesons with spin zero in [17] . In the other cases the nonstrange isoscalar states in Table VI can be identified from their isovector partners in Table V. There exist only few data for mesons, which are well establishedresonances. Amongst them are the tensor mesons a 2 , f 2 and f ′ 2 where our model predictions are in almost quantitative agreement with the experimental data, which we consider a main success of this work. In addition, our calculation shows that the nonstrange radial excitations of the a 2 and the f 2 , namely the f-wave at around 1800 MeV and the p-wave at around 1900 MeV, one of them probably corresponding to the f 2 (1810), both have a two-photon width of approximately 1 keV and therefore could be found also experimentally. This in turn would help to clarify the nature of the various tensor mesons and probably allow to identify glueball candidates in this sector.
As for the pseudoscalar ground states π and η, it has been shown in [9, 23] , that a quantitative description of these mesons requires a very light quark mass of 170 MeV, with an ansatz which accounts for the π-η splitting and the η-η ′ mixing as given by instanton effects. Nevertheless the quark masses that have been used here give a better mass spectrum with reasonable two-photon widths for the π, and also for the η and η ′ meson in the model of Klempt et al. [17] . The OGE interaction of course does not give the η-η ′ mixing so that these values are far off mainly due to the wrong bound-state mass.
Our results may also help to clarify the nature of the higher lying η resonances. The situation again is different for a conventional OGE or an instanton induced interaction. The former predicts an nn state at around 1350 MeV with a two-photon width of 650±300 eV and an ss state at around 1700 MeV with a very small width. The instanton induced interaction on the other hand predicts an almost SU(3) flavor octet at 1550 MeV with a small width of 40 eV and a singlet at 1800 MeV with a large width of 500 eV. An experimental investigation of the η resonances, especially the η(1295), could probably reveal the relevance of instanton effects for these mesons.
The interpretation of the scalar meson spectra is nontrivial due to the appearance of many states which do not fit into conventionalnonets -see for instance [17] for a discussion in the framework of a relativistic quark model with instanton induced qq-forces. However, both the OGE and the instanton induced interaction predict a f 0ground state with a two-photon width of around 1500 eV, which is a factor of three large than the experimental value of 560±110 eV for the f 0 (980), which strengthens its interpretation as a KK molecule, see also [24] . Our large two-photon would fit much better to the broad f 0 (1300) resonance, being probably theground state.
In the case of the a 0 (980) we find a discrepancy of a factor of two between our OGE calculations and the experimental value -assuming that its total width is almost equal to its partial width into πη. The experimental evidence for a KK molecule is thus less stringent for the a 0 than for the f 0 .
As for the comparison with nonrelativistic results, we find that the ratio of 15/4 = 3.75 between the 0 ++ and the 2 ++ width is dramatically reduced for light mesons -after phase space correction -to around 1.3 ± 0.2, a phenomenon that has already been predicted by [4] .
One of the unsolved problems in the physics of mesonic two-photon decays is the large width of the π 2 (1670). The nonrelativistic ansatz of Anderson et al. [25] yields very small widths of a few eV. All the parameter sets used in our Salpeter model predict a width around 100 eV, which is in agreement with the calculation of [6] , whereas the particle data booklet gives 1350±260 eV. However, this value comes from an incoherent analysis of different π 2 decay modes, whereas it has been convicingly argued in [26] to use a constructive interference between the f 2 π and ρπ decay mode, which yields 800±300±120 eV. Recent results from [27] also give a smaller value of 470 +140 −180 eV, which is almost compatible with the quark model calculations. A possible explanation of the discrepancy between theory and experiment would be an interference between the π 2 with the second a 2 state, which up to now has not been found, but within quark models should have a mass of around 1800 MeV. As in our calculation it has a width of 300 eV, it could have influenced the two experiments cited by the Particle Data Group [21] , as none of them has performed an analysis of angular distributions.
Finally we would like to emphasize those mesons which can most probably be seen in γγ experiments because of their large two-photon width, namely the a 2 and the nonstrange f 2 including their radial excitations, the a 0 and f 0 ground states and the radial excitation of the nonstrange η. However, in has been found that also angular excited mesons such as the nonstrange f 3 and f 4 or the η 2 are also promising candidates.
IV. SUMMARY AND CONCLUSION
We have presented a relativistic quark model calculation including a complete numerical study of the annihilation on quark-antiquark states into two photons. Several conceptional aspects have been improved with respect to previous theoretical work: The meson mass spectra are calculated in the framework of the Salpeter equation, which includes negative energy components of the meson wave function. These allow for a normalization condition given by Salpeter, which is adequate for states with large binding energy, as is the case for light quarkonia.
The meson to two-photon transition matrix element is calculated in the Mandelstam formalism. To this aim we use four-dimensional Bethe-Salpeter amplitudes which have been reconstructed from the Salpeter amplitudes that are the solutions of the bound-state mass eigenvalue equation. In contrast to previous work we thus do not put the quarks on mass-shell in the transition matrix element, but evaluate the four-dimensional Feynman diagram including the dependence on the relative energy. Together with the Salpeter normalization this leads for instance in the case of pseudoscalars to a reasonable behavior Γ M →γγ ∼ M 3 as expected from a simple Lagrangian. Therefore our model does not rely on the additional "Mock-meson" factor which has been necessary in previous work and contains an additional theoretical uncertainty in the scale of the two-photon widths.
In the numerical study that has been presented in the second part of this paper we have compared the parameter sets of non-and semi-relativistic quark model and of Salpeter models for the meson spectra. The results for most of the two-photon widths are found to be stable against parameter changes. From the various models we have extracted theoretical predictions including error estimates for the widths of singlet and triplet quark-antiquark states up to spin six.
As our results agree almost quantitatively with many well establishedresonances such as the η c , χ c0 , χ c2 or the light tensor nonet a 2 , f 2 and f ′ 2 , it is hoped that this complete numerical study can be used as a guideline for present and future experiments. In particular, we suggest that the most successful candidates for an experimental investigation in the heavy quark sector are the η c and χ 0 including their radial excitations. In the light quark sector, the nonstrange f 2 and its radial excitations couple most strongly to two photons. Both the second p-and the first f-wave state have a width of around 1 keV and therefore may be measured experimentally. This in turn would clarify the f 2 meson mass spectrum and could probably allow the identification of tensor glueballs, one of the most interesting QCD phenomena. 
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